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The potential energy of intermolecular interactton ts calculated hy the quantum-mechanical  exchange 

perturbation theory. The results are used to calculate the diffusion coefficient for magnesium vapor m 

hydrogen. The calculations agree with the expertmental results. 

For subsequent calculation of the transfer coefficients, the potential energy of inlermolecular interaction at 

medium and large intermolecular distances can be calculated using the quantum-mechanical exchange perturbation 

theory. (EPT) [I-3 ]. In this theory, the approximate SchrSdinger equation includes ~by the antisvmmetrization 

operator of the wave function of the system) the effect of weak overlap of electron shells at medium intermolecular 

distances. The overlap results in exchange interaction satisfying the Pauli exclusion principle for the electron 

distribution over the molecular orbitals. At large inlermolecular distances the overlap of the shells disappears and 

the EPT coincides with the standard Rayleigh-Schr6dinger perturbation theory, which results in polarization 

(dispersion for nonpolar molecules) interaction [I ]. 

The authors of [4] give EPT results in a version [3] of the potential energy of the interaction between 

alkali and alkali-earth metal (magnesium included) atoms and helium atoms. In this case the interaction of valence 

electrons of metal atoms (one electron for alkali metals and two electrons for alkali-earth metals) with two electrons 

of a helium atom were explicitly taken into consideration. The effect of electrons from the metal-atom skeleton was 

included, using the pseudopotential method [5, 6]. Uns/51d's approximation [7] was used in calculations of 

exchange-polarization and polarization interactions. The approximation consisted in introduction of the average 

effective energy of excited states. The potential interaction energies estimated by the EPT method agree with the 

values reported in the literature (found by complete nonempirical and semiempirical quantum-mechanical 

calculations). 

The dependences of potential energy on the interatomic distance calculated within EPT are used in 

calculation of the interdiffusion coefficients of metal vapor (superheated metal vapors are almost monoatomic [9 1) 

in helium within the Enskog-Chapman theory. [8 ]. The calculated diffusion coefficients for magnesium vapor in 

helium agree with experimental values [10] found with Stefan's method (i.e., with the coefficients found from the 

rate of evaporation of metal into gas). The calculated diffusion coefficients for alkali metals in helium also agree 

with experimental data. From experimental data on evaporation of barium into helium, the pressure of saturated 

barium vapor (the vapor is saturated at the evaporation surface) as a function of temperature is found using a 

diffusion formula [8 ] and the potential energy calculated within EPT. The specified approximation formula for the 

found pressure values lying in the range of pressures reported in the literature [11-131 is given in [14] together 

with a formula for the diffusion coefficient. 

We used the same EPT method in a version [3 ] for calculation of the potential energy of interaction between 

magnesium atoms and a biatomic hydrogen molecule (just as in [4 ], the ground state of the system is meant) . In 

Excited states of interacting atoms or molecules are included in calculation of exchange-polarization and 
polarization energies. 
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Fig. I. Diagram of atoms and electrons in Mg-H 2 system: ~, metal atom; b 

and c, hydrogen  atoms in H2 molecules; 1 and 2) electrons of hydrogen atom; 

3 and  ,4) va lence  e lec t rons  of melal  a tom; r n (n = 1, 2, 3, 4 ) ,  e lec t ron  

coordinates ;  m, center  of mass of H2 molecules; R, d is tance between atom a 

and point m. 

this case the calculat ion is subs tan t ia l ly  complicated in view of the fact thal apart  from the dis tance R (in 14 I the 

in ternuclear  d is tance ,  and now in the case of interaction with hydrogen,  the distance between lhe nucleus of the 

metal atom and the center  of mass of lhe biatomic H 2 molecule),  cmc more parameter  :rehears. This  is the angle 0 

de te rmined  by the direct ion of collision (Fig. 1). In the ground state of the H 2 molecule the d is tance  between the 

hydrogen  nuclei is 1.4 atomic units. The  electron wave function of the hydrogen molecule was wri t ten following 

H e i t l e r -  London [1] 

1 
@ t 2 _  1 ] t / ,b( l )V,c(2 ) + t p b ( 2 ) u  [a (1)/~ (2) - a (2)[3 ( 1 ) ] .  

v' 2 (1 + s 2) 

In the above express ion  ~b and ~c are  spat ial  wave functions of the electrons on hydrogen  atoms b and  c (Fig. 1); 

a and  fl a re  spin electron functions with opposite spin or ientat ions;  S = f g,b(1)g,c(1)d*l is the overlap integral  of 

the e lec t ron cen t e r ed  on hyd rogen  a toms b a n d  c. Just  as in o the r  s imi lar  in tegra ls  of quan tum mechanics ,  

in tegra t ion  in this  interval  is ca r r ied  out over the ent ire  space; dTl is an element  of the space of this e lect ron marked  

by number  1. As usual ,  the numbers  in parentheses  in the space and spin functions indicate the space or spin 

coordina tes  of e lectrons in the adop ted  numbering.  

Depending  on the radius  r (atomic uni ts) ,  the space function of the electron of the hydrogen  a tom b or c 

with reference points at the atomic nucleus has the form 

~/,= l / , , / ~  exp ( - r ) .  

In calculat ions this Sleuter  type function was approx imated  by a sum of Gauss ian  functions in which r is 

replaced by r 2 with the appropr ia te  coefficient in the exponent .  The  same pseudopotent ia ls  and  the co r respond ing  

wave pseudofunct ions  of valence electrons were chosen as in 14 ]. 

According to [3] the potential  energy of in termolecular  interact ion is expressed as a series 

(R)  = E (10) + E (12) + E (20) + E '(22) + .,, 

where the first superscr ip t  of the energy components  E ~ means the order  of approximat ion  along the per turba t ion  

opera tor  and  the second superscr ipt  is the same along the overlag integrals  of valence electrons (in the presen t  case, 

of magnes ium and hydrogen  a toms) .  In the series it is sufficient to take only the term of the exchange-po la r iza t ion  

e n e r g y  .E (22). The  o ther  terms of the ser ies ,  namely,  E (m), E (12), and  E (2~ express  electrostat ic ,  exchange ,  and  

polar izat ion (dispers ion)  energies ,  respectively.  

The  initial  SchriSdinger equation writ ten in a B o r n - O p p e n h e i m e r  approximat ion  of s topped atomic nuclei 

includes the Coulomb energies  of a t t rac t ion of electrons of one molecule (or atom) to nuclei of ano the r ,  repuls ion 

of electrons,  and  repuls ion of nuclei of different  molecules. For the Mg-H 2 sys tem,  the per turba t ion  ope ra to r  has 

the form (in atomic units ,  a .u.) :  
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Fig. 2. Potential  interaction energy ~ ' M g - l t 2  ( a . U ,  • 10 3) (electrostat ic and 

exchange) following the exchange per turbat ion theory versus in le rmolecular  

dis tance R (a.u.); l),p[- v(R); 2) ~o[.2v(R). 

Fig. 3. Total angle-averaged  potential interaction energy ~ ~a.u. • 10 -3  ) of 

Mg-H2 versus in termolecular  dis tance R (a.u.)):  1) ~'(R) from formula (2); 

2) polar izat ion energy cMg-H2/R6; 3) F" (R)  from formula (3); 4) 7p(R), total 

from formula (4). 

v =  ~ _ _ _ +  U(rai ) _ + _ + Z a 1 + 1 , (1) 
/ = 1  ra/ i = 1  k = l  m = 3  krn 

where, as in Fig. 1, subscr ipt  a refers to the metal atom and subscripts  b and c, to hydrogen  a toms in the hydrogen  

molecule. For magnesium N a = 2, Z a = 2 (skeleton charge) and for hydrogen  N b + N c = 2. The  e lect ron coordinates  

(radii)  ra/, rbi, and rci have reference points at the nuclei of the metal (a) and hydrogen  (b and  c), rkm is the 

d is tance  between k and m electrons (for magnesium in the double sum M = 4), Rab and Rac a r e  the d is tances  from 

the nucleus of the metal  atom to the nuclei of the hydrogen atoms, U(raj  ) is the pseudopotent ia l  of the j valence 

electron of the metal. 

The  sums of electrostat ic  and exchange interaction energies E tl~ + E tl2) = ,p'(R) ca lcula ted  for the Mg- 

H2 sys tem are shown in Fig. 2 versus the dis tance R at two values of the angle 0 = 0 (C~v symmet ry )  and 0 

= Jr~2 (C2v symmet ry ) .  In Fig. 3 one can see a curve of the angle O-averaged ,p'(R) in accordance  with the 

formula 

--~ x / 2  /.'t / 2 1 2 
(R) -- f ~ '  ( R ,  0) s i n O d 0 /  f s inOdO =-~o'C= v(R) +-~oC2 v ( R ) ,  (2) 

0 0 

obta ined  by integrat ion of ~p(R, O) for Li-H 2 interact ion from results of complete  nonempir ical  quan tum-mechan ica l  

calculat ions [ 15 I. 

It should be also borne in mind that H 2 molecules rotate a round the ins tantaneous  axis that  passes through 

the center  of mass perpendicular ly  to the s t raight  line connecting the hydrogen  nuclei (which, in turn,  undergo 

vibrat ions) .  Each rotat ional  degree  of f reedom (a biatomic molecule has two degrees  of f reedom in accordance  with 

the two angles  de te rmin ing  the position of the ins tantaneous  rotat ional  axis) has,  on the average,  1 / 2 k T  energy,  
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Fig. 4. Plot of PDI2 (N/see )  versus temperature  T (K); dots) exper iment ;  

s o l i d  cu rve )  E P T  c a l c u l a t i o n ;  d a s h e d  cu rves )  + 1 0 %  d e v i a t i o n  from 

calculation; do t -dash  curves) + 183/o spread of exper imenta l  points. 

which, with the moment  of inert ia  of the molecule known, de termines  the average frequency of rotation. In addi t ion ,  

H 2 molecules can be rota ted by the action of a colliding atom 116 l. Thus,  the question of the most correct  averaging 

of the potent ia l  energy of interact ion between the atom and H2 molecule (or any other  biatomic molecule) is 

compl ica ted  and  has not been answered  completely.  However, in the present  case ~o'Coov(R, 0) and ~OC2v(R, 7c/2) 

are not very large (Fig. 2) as regards  the effect of collisions on the values of the integrals  and averaging (2) can 

be cons ide red  sufficient for the required accuracy of results.  

In the p r e sen t  E P T  ca lcula t ions  for the Mg-H2 sys t em,  the sum of the polar izat ion and  exchange -  

polar izat ion energies  E (2~ + E (22) = ~o"(R) was not de te rmined  direct ly  (unlike the calculat ions in [4]  for the 

Mg-He sys tem) .  We used calculation results  of [4] with approximate  scaling 

. . .~Mg-H2/,~Mg-He (3) 
~Mg_H2 (R) = ~Mg-He (R) I_. 6 C. 6 . 

The  cons t an t  C6 d e t e r m i n e s  the first  largest  term ( i n s t a n t a n e o u s - d i p o l e - i n d u c e d  in te rac t ion)  of the 

polar izat ion a t t rac t ion  energy C6/R 6 in a multipole expansion.  For the system of magnesium and hel ium atoms 

C Mg-He = 22 a.u. [ 17 ], but for the system of a magnesium atom and a hydrogen molecule the values of the analogous 

constant  are  not given. The  S l e u t e r - K i r c k w o o d  formula can be used to est imate the angle -averaged  C Mg-u2 = 

73.5 a.u. Resul ts  of calculat ions from formula (3) are given in Fig. 3. In the same figure one can see a curve of the 

ang le -averaged  potential  energy of interact ion between a magnesium atom and a hydrogen molecule 

(R) = ~o (R) + ~ (R) .  (4) 

In the range of up to R = 8 a.u. as a maximum,  the energy Up(R) cooresponds to repulsion.  Attract ion 

occurs  at l a rge r  i n t e r m o l e c u l a r  d i s t ances  and  the e s t i m a t e d  dep th  of the po ten t ia l  well ( c o r r e s p o n d i n g  to 

equ i l ib r ium of r epu l s ion  and  a t t r ac t ion)  does  not exceed severa l  Kelvins (in t empe ra tu r e  uni t s ) .  Thus ,  for 

calculat ion of in terdi f fus ion coefficients,  the potential  energy ~(R)  can be approx imated  by the Born well- less 

repuls ion potent ia l  

(R) = B exp ( -  R/fi), (5) 

where B and p are  constants .  Tables  of collision integrals  for this model potential  are  given in [18 ]. The  products 
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PDI 2 = - -  
3 X / 2az (kT) 3 m12 

16:r ,O (l'l) ~ t 2  (7") 

calculated with such an approximat ion and using the formula of a first approx imat ion  in the 

Enskog-Chapman kinetic theory for a mixture of uniatomic magnesium-hydrogen vapor are given in Fig. 4 

together with experimental points. Experiments were carried out by Stefan's method on an experimental device 

described in [10, 19 1. An alundum crucible with an internal diameter and height of about 17 and 34 mm,respectively 

(crucibles with a height of 65 mm were also used), was used as a diffusion cell. A melted (by heating) weighed 

amount at magnesium Ca cylinder 5 - 1 0  mm high, shaped to fit the diameter of the crucible) was placed on the 

bottom of the crucible. The top section of the crucible was blown by hydrogen. Under the conditions of the 

experimental facility used, the hydrogen flow rate was 50-120  liter/h. This resulted in a more than one-hundred- 

fold decrease in the magnesium concentration at the crucible edge as compared with saturation at the evaporation 

surface. Meanwhile, no marked aerodynamic vortex appeared at the throat of the crucible. In the experiments 

the temperature ranged from 940 to 1230 K. The furnace was thermoslated by an automatic control unit within 

3 - 6  ~ The Iotal pressure was close to atmospheric pressure (the product PDI2 is independent of pressure). 

Depending on the set temperature, the experiment duration varied from 0.5 to 2 h, and was 4 h in one case, 

and in that this case 30 to 200 mg of magnesium evaporated. The loss of magnesium mass was determined by 

weighing the crucible before and after the experiment within 0.1 mg. In this case a correction was introduced 

for evaporation during heating and cooling of the diffusion cell, which was established by special experiments 

without maintaining steady-state conditions. When results were processed with Stefan's formula [10 l, and the 

pressure of saturated magnesium vapor was determined with the data of [9 1. The total spread of experimental 

values was occassionally +_18%. However, it should be borne in mind thai the experiments carried out at lower 

temperatures seem unreliable, because incompletely decomposed compounds with hydrogen [20] or admixtures 

in the gas can be formed on the magnesium surface. This can prevent evaporation of magnesium. In experiments 

on magnesium diffusion in inert gases (helium and argon) [10], the spread of experimental points was within 

+_10% with the exponent n = 1.73 in the temperature dependence. 

In Fig. 4 one can see that the PDI2  curve calculated by the EPT method agrees with the results of 

experiments carried out at higher temperatures with a spread within +_ 10%. For the calculated curve the exponent 

in the temperature dependence PDI2  = pDOI2(T/To) n is 1.75. Temperature To is assumed to be 1030 K and the 

product of the total pressure by the diffusion coefficient is pDOI2 = 61.0 N/see at the given temperature. 

N O T A T I O N  

P, total pressure of gas mixture; D I 2  , inlerdiffusion coefficient of binary mixture.; k, Boltzmann constant; 

T, absolute temperature; rnl2, dimensionless mass of two molecules; Qt~2 ' 1) = ~2Q1~2,~) , diffusion cross-section 

determined by collision integral; n, exponent in the temperature depenoence of diffusion coefficient. 
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